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Abstract
The interaction of charged particle systems with a membrane consisting of nonhomogeneities
which are randomly distributed by the same law in the vicinity of appropriate sites of a planar
crystal lattice is studied. A system of equations for the self-consistent potential U1(x, ξ
0, ..., ξN , ...)





The mathematical model of reverse osmosis-the process of passing ions through a membrane-
can be applied to discribe many physical, biological processes. For this reason, special attention
is given to the building up of such a model. One of the well developed and consistent models
is the model created by D. Ya. Petrina [6] . To discribe the reverse osmosis, the model deals
with a system of diffusion equation in the self-consistent approximation and the electrostatic
equation with boundary conditions.
The solution of a set of equations reduces to the solution of the Poisson-Boltzmann’s equation.
The latter one reduced to the solution of a set of integral equations for the self-consistent
potential and the density of induced charges. The next step towards the solution of the system
of equations on Banach space is to apply Schauder’s theorem of contracting operators. In so
doing, it is essential that periodically located ball-like inhomogeneities created by a membrane
and the subtracting procedure applied in quantum mechanics should be used . In practice ,
the in homogeneities of a membrane can be randomly distributed. The authors of a series of
articles [1-7] devoted to study of the interaction of membrane with charges in its vicinity used
a membrane as a set of inhomogeneities which are distributed by the same functions .
In used models [1],[4],[6], the description of other physical processes, in particular, the il-
lustration of the interactions of ions or particles with a micromedium consisting of microin-
homogeneities or particles, say, electrons, must take both microccopic nature of the particles
and the fact that in a real system inhomogeneities may be randomly distributed around the
lattice sites . In this case the approach to the problem of understanding interaction is with
in the scope of the quantum theory. Hence, it is important that the desired space to solve a
system of equations for the self-consistent potential and the density of induced charges should
be a space of square-integrable functions. Here, the model of reverse osmosis developed in [1],
[4], [6] is generalized to a case of the interaction between a system of charged particles and a
membrane that contains inhomogeneities distributed in the neighbourhood of sites of a planar
cryslal lattice. The problem of the determination of the charge distribution is reduced to that of
a system of integral equations for the mean density of induced charges of microinhomogeneities.
To solve the problem, a space of square-integrable functions is introduced and the subtracting
procedure along with Schauder’s theorem are applied. Then the system of integral equations is
solved on this space. It has been proved that under certain conditions on the density of charges
and the density of microinhomogeneities the unique solution of the system of equations exists.
The results obtained also allow qualitative analyses of reverse osmosis in a studied system to be
made.
In [6] the integro-differential equation that provides a picture of the interaction of systems of
charges particles with a membrane consisting of inhomogeneities was investigated. The authors
of [6] proved the existence and the uniqueness of the solution for the self-consistent potential
under certain conditions if the membrane consists of inhomogeneities located at sites of a planar
crystal lattice on Banach space. Such a problem was studied on Hilbert space in work [8] in
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which the same results were obtained. M.Yu.Rasulova [9-11], who studied a complicated process
of interaction, examined a membrane located by the same law in the visinity of sites in a planar
crystal lattice . Under such condition a system of equations for the self-consistent potential
U1(x; ξ
0, ξ1, ...ξN , ...) and the density of induced charges σ(x; ξ0, ξ1, ..., ξN , ...) were introduced
and the chief results proved on Banach space.
The present work is an extention of that discussed in [9-11]. It was of interest to verify
the above model on another space. The work under study was made on Hilbert space. The
main results are the following: 1) a system of equations for the self-consistent potential and
the density of induced charges is solved; 2) the existence and the uniqueness of the solution is
proved on Hilbert space.
1.THE STATEMENT OF THE PROBLEM.
Let’s consider a medium filling the whole three-dimensional space R3 with the dielectric




1 for particles with the charges e
+ and
e−. We introduce into this medium the inhomogeneities-balls of a radius R with the dielectric





Suppose these balls are distributed in the ranges region rk −
a
2 + Ref. < ξ
k < rk +
a
2 − Ref.
of the sites of a planar crystal lattice whose unit cells are squares with side a in accordance
with a distribution law with density f(ξk). Here Ref.-the effective radius of interaction.Let the
densities of distribution functions f(ξk) satisfy the following conditions: f(Piξ
k) = f(ξk), and∫
Λk f(ξ
k)dξk = 1. Here ξk is the random deviation of the center of ball k from site k and Pi
are transformations of reflection of the axes x1, x2, x3 separately: (Pix)j = xj ; i 6= j; (Pix)i =
−xi; Λ
k = Λ, Λ are the squares of side a − 2Ref.. The set of the balls makes up a dynamic
membrane .
Let x = (x1;x2;x3) ∈ R
3, we dispose the origin in the center of one of the balls;x1, x2 axes
are in the membrane plane, i. e. centres of all balls are in the plane x3 = 0.
Denote the density distribution functions of particles with charges e+ and e− trough
W+(x, ξ
0, ..., ξN , ...) and W−(x, ξ
0, ..., ξN , ...), the self-consistent potential via U(x, ξ0, ..., ξN , ...),
and by e+U2(x, ξ
0, ..., ξN , ...) and e−U2(x, ξ
0, ..., ξN , ...) the potentials of the interaction of the
point charges e+ and e− with the charges induced by them on the surface of the membrane.
Suppose that charged particles may exist only in a layer |x3| ≤ L < ∞ and they are retained
in it by an external field e±U(x, ξ0, ..., ξN , ...);
e±U(x, ξ0, ..., ξN , ...) =
{
∞ if |x3| > L,
0 if |x3| ≤ L,
We shall assume that the potential
|U2(x, ξ
0, ..., ξN , ...)| < ∞
3
is known. To solve the problem we write down the system of nonlinear diffusion equations
for the distribution functions W+(x, ξ
0, ..., ξN , ...) and W−(x, ξ
0, ..., ξN , ...) and the electrostatic
equation for self-consistent potential U1(x, ξ
0, ..., ξN , ...) [1].
D±∆W±(x, ξ
0, ..., ξN , ...) + e±βD±∇(∇U(x, ξ0, ..., ξN , ...)W±(x, ξ
0, ..., ξN , ...)) = 0, (1)
e±U(x, ξ0, ..., ξN , ...) = e±(U1(x, ξ
0, ..., ξN , ...) + e±U2(x, ξ
0, ..., ξN , ...) + U(x, ξ0, ..., ξN , ...)),
W+(x, ξ
0, ..., ξN , ...) = W−(x, ξ
0, ..., ξN , ...) = 0, |x3| > L,D
± = D±1 , x ∈ R
3/M,
D± = D±2 , x ∈ M ;
∆U1(x, ξ




0, ..., ξN , ...) + e−W−(x, ξ
0, ..., ξN , ...)),
∆U2(x, ξ
0, ..., ξN , ...) = −
1
ε1
δ(x− y), y ∈ R3, (2)
U2(x, ξ
0, ..., ξN , ...) = (U2(x, ξ




with the following conjugation conditions on the membrane surface:
D+1
∂W+(x, ξ













0, ..., ξN , ...)
∂n−x
, x ∈ ∂M,
ε1
∂U1(x, ξ













0, ..., ξN , ...)
∂n−x
, x ∈ ∂M.
Here ∂
∂n±x
denotes the limiting values of the normal derivations on the outside and on the inside
of the balls, nx is the vector of the unit normal at the point x ∈ ∂M, and β is the inverse
temperature.
Besides the conditions (4), we require that
W+(x, ξ
0, ..., ξN , ...),W−(x, ξ
0, ..., ξN , ...), U1(x, ξ
0, ..., ξN , ...), U2(x, y, ξ
0, ..., ξN , ...)
be continuous functions on the membrane surface (for y outside the membrane) and that
W+(x, ξ
0, ..., ξN , ...),W−(x, ξ
0, ..., ξN , ...)








0, ..., ξN , ...) + e−W−(x, ξ
0, ..., ξN , ...))f(ξi)dx = 0. (5)
4
As it is well known [1], the particular solution
W±(x, ξ
0, ..., ξN , ...) =
1
v+
exp(−βe±U(x, ξ0, ..., ξN , ...)), x ∈ R3/M (6)
W+(x, ξ
0, ..., ξN , ...) = W−(x, ξ
0, ..., ξN , ...) = 0, x ∈ M,
of the diffusion equation satisfies the conditions (4) and (5) if U1(x, ξ
0, ..., ξN , ...) is bounded
together with its derivatives. Here, 1v+ and
1
v− are constants, equal in the spatially homogeneous
case to the densities of the particles. Make up the equation for the mean values with followed
by the solution [3].
Substituting (6) in (2), we obtain a generalized Poisson-Boltzmann’s equation for the self-
consistent potential:
∆ < U1(x, ξ







0, ..., ξN , ...) + e+U2(x, ξ





0, ..., ξN , ...) + e−U2(x, ξ
0, ..., ξN , ...)))] >,
x ∈ R3/M
⋂
|x3| < L,∆ < U2(x, ξ
0, ..., ξN , ...) >= 0, x ∈ M.
The solution of the problem (7), (4) is represented in [1] as a sum of volume potentials and
simple-layer potentials created by the induced charges < σk(y, ξ
0, ..., ξN , ...) > on the surface Sk
of the balls k :
< U1(x, ξ






k), ξ0, ..., ξN , ...) >






0, ..., ξN , ...) + e−W−(y, ξ
0, ..., ξN , ...) >
4piε1|x− y|
dy, x ∈ R3/M
⋂
|x3| < L,
the densities of the surface charges < σα(x, ξ
0, ..., ξN , ...) > being solutions of the integral equa-
tions
< σα(x(ξ










..., ξN , ...) >
2pi| < x(ξk) > − < y(ξk) > |2
× (9)







cos(< x(ξα) > −y, nα,<x(ξα)>)
2pi| < x(ξα) > −y|2
×
×{< e+W+(y, ξ
0, ..., ξN , ...) + e−W−(y, ξ
0, ..., ξN , ...)} > dy,
where
< σk(y, ξ
0, ..., ξN , ...) >=< σk(y(ξ
k), ξ0, ...ξ
k








k), ξ0, ..., ξk−1, ξk+1, ..., ξN , ...)f(ξi)dξi,
< x(ξα) > − < y(ξk) >
is the vector directed from the point < y(ξk) > to the point x < ξα) >,nα,<x(ξα)> is the outher















..., ξN , ...)f(xii)dξidSy = 0.
We divide the space R3 into parallelepipeds:
Vk(x||x1 − ak1| ≤
a
2
, |x2 − ak2| ≤
a
2
,−∞ < x3 < ∞).
Since
e±U(x, ξ0, ..., ξN , ...) = ∞,W±(x, ξ
0, ..., ξN , ...) = 0
for |x3| ≥ L, we determine U1(x, ξ
0, ..., ξN , ...) in the region
Vk(x||x1 − ak1| ≤
a
2
, |x2 − ak2| ≤
a
2




Then the matematical expectations
< U1(x, ξ
0, ..., ξN , ...) >,< σα(x, ξ














k + ξk − ak, ξ0, ...,ξ
k
..., ξN , ...) >








k + ak, ξ0, ..., ξN , ...) + e−W−(y
k + ak, ξ0, ..., ξN , ...) >
4piε1|x− yk − ak|
dyk,














cos(< x(ξα) > −− yk− < ξk > −ak, nα,<x(ξα)>)




k + ξk + ak, ξ0, ...ξ
k









k + ak, ξ0, ..., ξN , ...) + e−W−(y
k + ak, ξ0, ..., ξN , ...) >×
×
cos(< x(ξα) > −yk − ak, nα,<x(ξα)>)
2pi| < x(ξα) > −yk − ak|2
dyk,
where
x(ξα) = xα + ξα + aα, α = 0, 1, 2, ..., y(ξk) = yk + ξk + ak, k = 0, 1, 2, ...
(see in [3]).
It follows from the symmetry of the problem that the mean density of the surface changes
< σ(x, ξ0, ..., ξN , ...) >
is invariant with respect to the period a, i.e.,
< σ(x + ak, ξ0, ..., ξN , ...) >=< σ(x, ξ0, ..., ξN , ...) > .
It also follows from this symmetry that < U1(x + ak, ξ
0, ..., ξN , ...) >=< U1(x, ξ
0, ..., ξN , ...) >.









Therefore, Eqs. (10) and (11) can be written in the form:
< U1(x
α + αa, ξ0, ..., ξN , ...) >=< U1(x







k + ξk, ξ0, ..., ξN , ...) >








k, ξ0, ..., ξN , ...) + e−W−(y
k, ξ0, ..., ξN , ...) >
4piε1|xα − yα − ak|
dyk,
< σk(x
α + ξk + α, ξ0, ...ξ
α
..., ξN , ...) >= (13)
=< σα(x
α + ξα, ξ0, ...ξ
α








cos(xα − yk − ak, nα,xα) < σk(y
k + ξk, ξ0, ...ξ
k
..., ξN , ...) >









cos(xα − yk − ak, nα,xα)
2pi|xα − yk − ak|2
×
×< e+W+(y
k, ξ0, ..., ξN , ...) + e−W−(y
k, ξ0, ..., ξN , ...) >dyk.
Since the value of a definite integral does not depend on the symbol used for the variable of
integration, in the expressions in the integrand we can make successive changes of variables:




yk|k = 0, 1, 2, ... ≡ y, xα|α=0,1,2,... ≡ x.
After these substitutions Λ0 = Λ1 = ... = ΛN = ... ≡ Λ, S0 = S1 = S2 = ... = SN = ... ≡ S and
Eqs. (12) and (13) take the form
< U1(x, ξ





< σ(y(ξ), ξ0, ...ξ
k
..., ξN , ...) >








4piε1|x− y − ak|
{< e+W+(y, ξ
0, ..., ξN , ...)+
e−W−(y, ξ
0, ..., ξN , ...) >}.









cos(x− y − ak, nx)
2pi|x− y − ak|2









cos(x− y − ak, nx)
2pi|x− y − ak|2
{< e+W+(y, ξ
0, ..., ξN , ...) + e−W−(y, ξ
0, ..., ξN , ...) >}dy,
where V = Vk|k=0,1,2,....
We shall consider the system of equations (14) and (15) in the space whose elements are the
pairs of functions
ρ(x, ξ0, ..., ξN , ...) =
(
U(x, ξ0, ..., ξN , ...)
χ(x, ξ0, ..., ξN , ...)
)
,
where U(x, ξ0, ..., ξN , ...) is concentrated in V¯ = {x ∈ V, ξ0 ∈ Λ, ..., ξN ∈ Λ, ...}, and χ(x, ξ0, ..., ξN , ...)





χ(x, ξ0, ..., ξN , ...)f(ξi)dξidSx = 0. (16)
The set of such pairs of functions is a linear space if we perform linear operations over the




0, ..., ξN , ...)U2(x, ξ0, ..., ξN , ...)+ (17)
+χ1(x, ξ
0, ..., χN , ...)χ2(x, ξ0, ..., χN , ...]dxdξ,
where
ρ1(x, ξ
0, ..., ξN , ...) =
(
U1(x, ξ
0, ..., ξN , ...)
χ1(x, χ
0, ..., χN , ...)
)
, ρ2(x, χ
0, ..., ξN , ...) =
(
U2(x, ξ
0, ..., ξN , ...)
χ(x, ξ0, ..., ξN , ...)
)
,
and dξ = dξ0dξ1...dξN .... The integration goes over all spaces. Next, we introduce the norm in
accordance with the formula
||ρ|| = [
∫




The set of such functions with norm (18) is a Hilbert space and we denoted this space by H.
Suppose also that < U1(x, ξ
0, ..., ξN , ...) > and χ(x, ξ0, ..., ξN , ...) > are invariant with respect
to the transformations of reflections of the axes x1, x2, x3 in separate:
< U(Px, Pξ0, ..., P ξN , ...) >=< U(x, ξ0, ..., ξN , ...) >,
< χ(Px, Pξ0, ..., P ξN , ...) >=< χ(x, ξ0, ..., ξN , ...) > .








cos(x− y − ak, nx)
2pi|x− y − ak|2
when < σ(x, ξ0, ..., ξN , ...) >,< e+W+(y, ξ
0, ..., ξN , ...) + e−W−(y, ξ
0, ..., ξN , ...) > . To eliminate
these divergences,we use the substractional procedure of [1]. We expande the kernels of eqs.
(14) and (15) in Taylor series in the variables xi − yi at the point 0. The remainder terms of















|x− y − ak|
)i|x−y=0(xi − yi)], (19)





xi − yi − aki




), k3 = 0, x, y ∈ S or x ∈ S, y ∈ V, (20)





















First we establish some lemmas here.To derivate our theorem;
































|K1(x, y)|dSy ≤ c1d
2, c1 < ∞.















cos(x−−y − ak, nx)




, c2 < ∞.
For the proof of lemmas 1 and 2 see [1], [3].
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of Eqs. (14) and (15) has a unique solution in the ball ||ρ− ρ0|| ≤ R of the Hilbert space H.
Proof. As a starting point for our proof we apply the substractional procedure to Eqs. (14)













|x− y − ak|






0, ..., ξN , ...) + e−W−(y, ξ









|x− y − ak| j

















0, ..., ξN , ...) + e−W−(y, ξ








which follow from the conditions (5) and (16) and also from the invariance of < σ(x, ξ0, ..., ξN , ...) > ,
< W±(x, ξ
0, ..., ξN , ...) > with respect to reflections.
We then obtain in the Hilbert space H the equation
< F >=< KF >, (21)
where
< F (x, ξ0, ..., ξN , ...) >=
(
< U1(x, ξ
0, ..., ξN , ...) >
< σ(x, ξ0, ..., ξN , ...) >
)
,
< (KF )(x, ξ0, ..., ξN , ...) >=
(
< (KF1)(x, ξ
0, ..., ξN , ...) >
< (KF2)(x, ξ










< σ(y + ξ, ξ0, ...ξ ..., ξN , ...) >







K1(x, y) < σ(y + ξ, ξ







0, ..., ξN , ...) + e−W−(y, ξ
0, ..., ξN , ...) >









0, ..., ξN , ...) + e−W ′−(y, ξ
0, ..., ξN , ...) >dy+
+ < U01 (x, ξ
0, ..., ξN , ...) >, x ∈ V,
< (KF2)(x, ξ










< σ(y + ξ, ξ0, ..., ξN , ...) >
2pi|x− y − ak|2









K2(x, y) < σ(y + ξ, ξ









cos(x− y − ak, nx)
2pi|x− y − ak|2
< e+W+(y, ξ
0, ..., ξN , ...) + e−W−(y, ξ








cos(x− y − ak, nx)
2pi|x− y − ak|2
< e+W+(y, ξ
0, ..., ξN , ...) + e−W−(y, ξ










0, ..., ξN , ...) + e−W ′−(y, ξ
0, ..., ξN , ...) >}dy+
+ < σ0(x, ξ0, ..., ξN , ...) >, x ∈ S;
W ′±(y, ξ




0, ..., ξN , ...))[exp(−βe±U(y, ξ0, ..., ξN , ...)) − 1];






























0, ..., ξN , ...))}dy;







cos(x− y − ak, nx)


























0, ..., ξN , ...))}dy.







the operator K is contractive in the ball














[| < (KF )1(x, ξ
0, ..., ξN , ...) > −
− < u0(x, ξ0, ..., ξN , ...) > |2 + | < (KF )2(x, ξ
0, ..., ξN , ...) > −















< σ(y + ξ, ξ0, ...ξ ..., ξN , ...) >











K1(x; y) < σ(y + ξ, ξ











< e+W ′+(y, ξ
0, ..., ξN , ...) + e−W ′−(y, ξ
0, ..., ξN , ...) >













0, ..., ξN , ...)+
+e−W ′−(y, ξ
0, ..., ξN , ...) >}dξ0...dξN ...]dy + [ lim
N→∞
(< U01 (x, ξ
0, ..., ξN , ...) > −
− < u01(x, ξ













< σ(y + ξ, ξ0, ...ξ ..., ξN , ...)
2pi|x− y − ak|2













K2(x; y) < σ(y + ξ, ξ












cos(x− y − ak, nx)
2pi|x− y − ak|2
{< e+W+(y, ξ
0, ..., ξN , ...)+
+e−W−(y, ξ












×{< e+W ′+(y, ξ
0, ..., ξN , ...) + e−W ′−(y, ξ




















< σ(y + ξ, ξ0, ...ξ ..., ξN , ...) >

















|K1(x; y) < σ(y+ξ, ξ
















| < e+W ′+(y, ξ
0, ..., ξN , ...) + e−W ′−(y, ξ
0, ..., ξN , ...) > |


















0, ..., ξN , ...)+
+e−W ′−(y, ξ









|(< U01 (x, ξ
0, ..., ξN , ...) > −
− < u01(x, ξ



















< σ(y + ξ, ξ0, ...ξ ..., ξN , ...) >
2pi|x− y − ak|2




















|K2(x; y) < σ(y+ξ, ξ




















cos(x− y − ak, nx)
2pi|x− y − ak|2
{< e+W+(y, ξ
0, ..., ξN , ...) + e−W−(y, ξ





















0, ..., ξN , ...)+
+e−W ′−(y, ξ

































































0, ..., ξN , ...)






























































0, ..., ξN , ...)































































| cos(x− y − ak, nx)|












































| cos(x− y − ak, nx)|
2pi|x− y − ak|2
exp(−β(e+)2U2(y, ξ


























































| cos(x− y − ak, nx)|
2pi|x− y − ak|2
×
×exp(−β(e−)2U2(y, ξ


















































































































































































































0, ..., ξN , ...)


































0, ..., ξN , ...)


































|cos(x− y − ak, nx)|



































|cos(x− y − ak, nx)|
2pi|x− y − ak|2
exp(−β(e+)2U2(y, ξ


































|cos(x− y − ak, nx)|
2pi|x− y − ak|2
×
×exp(−β(e−)2U2(y, ξ
















0, ..., ξN , ...))dξ0...dξN ...]dy)2dx)
1
2 .
In the notation b = max(c5, c8), g = max(c6, c7, c9, c10), the inequality (21) takes the form || <
Kρ > − < ρ0 > || = (||ρ0||+R){b+g[β(e+)2 1v+ exp(βe
+(||ρ0||+R))+β(e−)2 1v− exp(β|e
−|(||ρ0||+
R))}. It is possible to choose b, g, 1v+ ,
1
v− so that || < Kρ > − < ρ
0 > || ≤ R, i. e. b +
g[β(e+)2 1v+ exp(βe
+(||ρ0|| + R)) + β|e−|2 1v− exp(β|e
−|(||ρ0|| + R))] < α < 1. Then K is a con-
tractive operator and, Eq. (21) has a unique solution in the ball (22).
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